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Mosel mmjobs

2.1

testsub.mos master model

model "Test submodel"

forall(i in 10..20) write(i*2, " ")

writeln
end-model
compile-load-run
Mosel command line Mosel
Mosel Mosel master model
compile-load-run-wait
master model master model
2.7
runtestsub.mos testsub.mos
compile-load-run-wait Mosel
mmjobs uses
mmjobs master model
dropnextevent
master model event of class EVENT _END wait
master model event
event master

model event queue
model "Run model testsub"
uses "mmjobs"
declarations
modSub: Model

end-declarations

! Compile the model file



if compile("testsub.mos")<>0 then exit(1); end-if

load(modSub, "testsub.bim") ! Load the bim file
run(modSub) ! Start model execution
wait ! Wait for model termination
dropnextevent ! Ignore termination event message
end-model
Mosel model (Mosel command line, within
Xpress-1VE, or from a host application) master model

Mosel command line

mosel -¢ "exec runtestsub.mos"

Xpress-1VE
2.3
100 121 144 169 196 225 256 289 324 361 400
dropnextevent
event (the termination event has the predefined
class EVENT_END) (default value 0)
exit code (value sent by an exit statement terminating the model
execution or the default value 0)
declarations
ev: Event
end-declarations
ev:=getnextevent
writeln("Event class: ", getclass(ev))
writeln("Event value: ", getvalue(ev))
writeln("Exit code : ", getexitcode(modSub))
2.2
master model
master model
master model(file runsubwait.mos) wait
duration (in seconds) 1
termination event message stop call

model reference



model "Run model testsub"
uses "mmjobs"

declarations
modSub: Model
end-declarations

! Compile the model file
if compile("testsub.mos")<>0 then exit(1); end-if

load(modSub, "testsub.bim") ! Load the bim file

run(modSub) ! Start model execution

wait(1) ! Wait 1 second for an event

if isqueueempty then ! No event has been sent: model still runs
writeln("Stopping the submodel")
stop(modSub) ! Stop the model
wait ! Wait for model termination

end-if

dropnextevent ! Ignore termination event message

end-model

2.3
Xpress-1VE master model
IVE master model
fopen("testout.txt", F_ OUTPUT+F_APPEND) ! Output to file (in append mode)
fopen("tee:testout.txt&", F_ OUTPUT) ! Output to file and on screen
fopen("null:", F_ OUTPUT) ! Disable all output

testout.txt
testout.txt
3 silent

fclose(F_-OUTPUT)

master model run

setdefstream(modSub, F_ OUTPUT, "testout.txt") ! Output to file
setdefstream(modSub, F_ OUTPUT, "tee:testout.txt&")
! Output to file and on screen



setdefstream(modSub, F_ OUTPUT, "null:")

setdefstream(modSub, F OUTPUT, "")

2.4
Mosel filename.mos
runsubmem.mos

BIM file

master model

model "Run model testsub"

uses "mmjobs", "mmsystem"

declarations
modSub: Model
end-declarations

! Disable all output

filename.bim
BIM file

write access

! Compile the model file

if compile("", "testsub.mos", "shmem:testsubbim")<>0 then

exit(1)
end-if
load(modSub, "shmem:testsubbim")
fdelete("shmem:testsubbim")
run(modSub)
wait
dropnextevent

end-model

compile 3

"g'") model file name

mmjobs

2.5

Mosel

parameters

! Load the bim file from memory

! ... and release the memory block

! Start model execution

! Wait for model termination

! Ignore termination event message

compilation flags (

output file name (

fdelete

mmsystem

runtime parameters

declare

parameters



rtparams.mos

integer real string Boolean

model "Runtime parameters"
parameters
PARAMI1 =0
PARAM2 =0.5
PARAM3 ="
PARAMA4 = false
end-parameters

writein(PARAMI, " ", PARAM2, " ", PARAM3, " ", PARAM4)
end-model

Master model ““ sub model

model "Run model rtparams"
uses "mmjobs"

declarations
modPar: Model
end-declarations
! Compile the model file
if compile("rtparams.mos")<>0 then exit(1); end-if
load(modPar, "rtparams.bim") ! Load the bim file
! Start model execution
run(modPar, "PARAMI1="+2 + " PARAM2="+ 3.4 +
"PARAM3=’a string’" + ",PARAM4=" + true)

wait ! Wait for model termination
dropnextevent ! Ignore termination event message
end-model

2.6
master model
master model

sequential parallel

master model

2.6.1 Sequential

(file runrtparamseq.mos)

10

master model



model "Run model rtparams in sequence"
uses "mmjobs"

declarations
A=1.10
modPar: Model
end-declarations
! Compile the model file
if compile("rtparams.mos")<>0 then exit(1); end-if

load(modPar, "rtparams.bim") ! Load the bim file

forall(i in A) do
run(modPar, "PARAM1=" + 1) ! Start model execution
wait ! Wait for model termination
dropnextevent ! Ignore termination event message

end-do

end-model
2.6.2 Parallel
wait

model "Run model rtparams in parallel"
uses "mmjobs"

declarations
A=1.10
modPar: array(A) of Model
end-declarations
! Compile the model file
if compile("rtparams.mos")<>0 then exit(1); end-if

forall(i in A) do

load(modPar(i), "rtparams.bim") ! Load the bim file
run(modPar(i), "PARAMI="+1i) ! Start model execution
end-do
forall(i in A) do
wait ! Wait for model termination
dropnextevent ! Ignore termination event message
end-do
end-model

11



rtparams.mos  writeln wait(l)

uses "'mmjobs

master model

2.7
mmjobs
10 driver shmem driver mempipe driver
shmem driver one-to-many communication (one model writing, many
reading) mempipe driver many-to-one communication
one model writing one model reading
shmem
2.7.1
shmem
2.4 filename label
""mmjobs.shmem:alLabel" prefix mmfobs
master model
"shmem:-aLabel™
initializations
shmem driver raw driver
2.1 testsubshm.mos
index range resulting array

model "Test submodel"
declarations
A: range
B: array(A) of real
end-declarations
initializations from "raw:"
A as "shmem:A"
end-initializations

forall(i in A) B(i):= "2

12



initializations to "raw:"
B as "shmem:B"
end-initializations

end-model

master runsubshm.mos

model "Run model testsubshm"

uses "mmjobs"

declarations

modSub: Model

A =30..40

B: array(A) of real
end-declarations

! Compile the model file

if compile("testsubshm.mos")<>0 then exit(1); end-if
load(modSub, "testsubshm.bim") ! Load the bim file

initializations to "raw:"
A as "shmem:A"
end-initializations

run(modSub) ! Start model execution
wait ! Wait for model termination
dropnextevent ! Ignore termination event message

initializations from "raw:"
B as "shmem:B"
end-initializations

writeln(B)

end-model

index range result
master model
fdelete
(subroutine provided by module mmsysten)
mmfobs Mosel
master

fdelete("shmem:A")
fdelete("shmem:B")

10 mempipe

13



open

initializations to initializations from

(file testsubpip.mos)

model "Test submodel"
declarations
A: range
B: array(A) of real
end-declarations

initializations from "mempipe:indata"
A

end-initializations

forall(i in A) B(i):=i"2

initializations to "mempipe:resdata"
B

end-initializations

end-model

runsubpip.mos)

master model (file

master model master model

model "Run model testsubpip"
uses "mmjobs"

declarations
modSub: Model
A =30.40
B: array(A) of real
end-declarations

! Compile the model file
if compile("testsubpip.mos")<>0 then exit(1); end-if
load(modSub, "testsubpip.bim") ! Load the bim file

run(modSub) ! Start model execution

initializations to "mempipe:indata"
A
end-initializations

initializations from "mempipe:resdata”
B
end-initializations

wait ! Wait for model termination
dropnextevent ! Ignore termination event message
writeln(B)
]

end-model

14
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master model

master model

master model

master model

15



cutting stock example “ Mosel User Guide ~
Mosel
cutting stock (= cutting pattern)
dual value knapsack User
Guide knapsack
User Guide Mosel constraint
hiding functionality blend out
two-model (un)hidden
constraints
main (cutting stock)
problem (bound updates)
3.1 . cutting stock
MAXWIDTH
MVIDTHS

i (DEWAND,)

(PATTERNS,, - . . , PATTERNS y101)

j (G € WIDTHS = {1, ... ,MVIDTH})

16



minimize Z use j
jeWIDTHS

Subject to Z PATTERNS; -use; > DEMAND;,

jEWIDTHS

V] e WIDTHS :use; <[DEMAND; / PATTERN; ],use; € IN

MIP

1. LP
2.
3.
4. (= cutting pattern)
5.
3 knapsack
maximize z = Z C, X;
jeWIDTHS

> AX; <B

jeEWIDTHS
vV, e WIDTHS : x; integer

cutting stock

3.2
cutting stock problem
master model (file paperp.mos) master

knapsack model (file knapsack.mos)

17



3.2.1 Master model
cutting stock

model "Papermill (multi-prob)"

non

uses "mmxprs", "mmjobs"

forward procedure column_gen

forward function knapsack(C:array(range) of real,
Acarray(range) of real,
B:real,
xbest:array(range) of integer): real

declarations
NWIDTHS =5 ! Number of different widths
WIDTHS = 1. NWIDTHS ! Range of widths
RP: range ! Range of cutting patterns
MAXWIDTH = 9%4 ! Maximum roll width
EPS = le-6 | Zero tolerance
WIDTH: array(WIDTHS) of real ! Possible widths
DEMAND: array(WIDTHS) of integer ! Demand per width
PATTERNS: array(WIDTHS, WIDTHS) of integer ! (Basic) cutting patterns
use: array(RP) of mpvar ! Rolls per pattern
soluse: array(RP) of real ! Solution values for variables ‘use’
Dem: array(WIDTHS) of linctr ! Demand constraints

MinRolls: linctr ! Objective function

Knapsack: Model ! Reference to the knapsack model
end-declarations

WIDTH:: [ 17, 21, 22.5, 24, 29.5]
DEMAND:: [150, 96, 48, 108, 227]

! Make basic patterns
forall(j in WIDTHS) PATTERNS(.j) := floor MAXWIDTH/WIDTH(j))

forall(j in WIDTHS) do

create(use(j)) ! Create NWIDTHS variables ‘use’
use(j) is_integer ! Variables are integer and bounded
use(j) <= integer(ceil(DEMAND()/PATTERNS(,))))
end-do
MinRolls:= sum(j in WIDTHS) use(j) ! Objective: minimize no. of rolls
! Satisfy all demands
forall(i in WIDTHS)
Dem(i):= sum(j in WIDTHS) PATTERNS(1,j) * use(j) >= DEMAND(i)
res:= compile("knapsack.mos") ! Compile the knapsack model
load(Knapsack, "knapsack.bim") ! Load the knapsack model
column_gen ! Column generation at top node
minimize(MinRolls) ! Compute the best integer solution

! for the current problem (including
! the new columns)

writeln("Best integer solution: ", getobjval, " rolls")

write(" Rolls per pattern: ")

forall(i in RP) write(getsol(use(i)),", ")

writeln

18



end-model

knapsack column_gen
User Guide knapsack
function knapsack function knapsack
knapsack function knapsack
knapsack
knapsack (zbest)

function knapsack(C:array(range) of real,
Acarray(range) of real,
B:real,
xbest:array(range) of integer):real

initializations to "raw:noindex"
A as "shmem:A" B as "shmem:B" C as "shmem:C"
end-initializations

run(Knapsack, "NWIDTHS="+NWIDTHS) ! Start solving knapsack subproblem
wait ! Wait until subproblem finishes
dropnextevent ! Ignore termination message

initializations from "raw:"
xbest as "shmem:xbest" returned as "shmem:zbest"
end-initializations

end-function

master model knapsack
run wait
master model child model
child model “ termination ™ event (an event
of class EVENT_END) event
dropnextevent event queue event
3.2.2 Knapsack model
knapsack
model "Knapsack"
uses "mmxprs"
parameters
NWIDTHS=5 ! Number of different widths

end-parameters

declarations

19



end-model
shmem mmjobs prefix
knapsack
cutting stock master model
shmem
3.3
cutting stock LP
177.67 160.95 6 MIP
161
Widths
Pattern 17 21 225 24 295 Usage
3 0 0 4 0 0 1
5 0 0 0 0 3 15
6 0 1 0 3 0 32
8 2 0 0 0 2 75
10 0 2 1 0 1 32
11 0 0 2 2 0 6

WIDTHS = 1.NWIDTHS ! Range of widths

A,C: array(WIDTHS) of real ! Constraint + obj. coefficients

B: real ! RHS value of knapsack constraint
KnapCtr, KnapObj: linctr ! Knapsack constraint+objective

x: array(WIDTHS) of mpvar ! Knapsack variables

xbest: array(WIDTHS) of integer ! Solution values

end-declarations

initializations from "raw:noindex"
A as "mmjobs.shmem:A" B as "mmjobs.shmem:B" C as "mmjobs.shmem:C"
end-initializations

! Define the knapsack problem
KnapCtr:= sum(j in WIDTHS) A(j)*x(j) <= B
KnapObj:= sum(j in WIDTHS) C(j)*x(j)

forall(j in WIDTHS) x(j) is_integer

! Solve the problem and retrieve the solution
maximize(KnapObj)
z:=getobjval
forall(j in WIDTHS) xbest(j):=round(getsol(x(j)))

initializations to "raw:"

xbest as "mmjobs.shmem:xbest" z as "mmjobs.shmem:zbest"
end-initializations

20
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Mosel

MIP
MIP
master model  parameterizable child model
master model child model
version child model
(Xpress-Optimizer)
4.1 economic lot sizing
Economic lot sizing (ELS)
TIVES = 1, , T t DEMAND, p (o € PRODUCTS)
DEMAND,
SETUPCOST, CAP,
t p proauce,, t p
setup,,
(setup,, = 1) (setup,, = 0)

minimize Y (SETUPCOST, > setup,, > PRODCOST ,-produce,

teTIMES pePRODUCTS pePRODUCTS

ps =

t t
Vp € PRODUCTS, t e TIMES : ) produce,,, > >  DEMAND
s=1

s=1

¥p e PRODUCTS, t e TIMES : produce,, < D, -setup.,

22



VteTIMES: ) produce, <CAP,

pePRODUCTS
Vp e PRODUCTS, t e TIMES : setup,, e {0,1}, produce,, > 0
2 0 t
p
t t Dptl
t / p t

setup,,
4.1.1 Cutting plane algorithm
ELS (1, S)-inequalities| ] Dper t

/ p / 1 /
(1, S)-inequality

|
> produce, + > D setup, > D,
t=1

t=1
tes tes

S proauce,, S
Dyey - S€LUD,, 1 /
(1, S)-inequalities cutting plane algorithm
1. LP
2. (I, S)-inequalities
|
> min( produce ,, D -setup,, ) > D,
t=1
3. cut
4. LP
o Cut

(Cut-and-Branch vs Branch-and-Cut)
. cut generation pass pass
4. cut

23



e cut (

. {1, S)-cuts
default cuts

{, S)-cut cut (TOPONLY =
true) rounds of cuts (SEVERALROUNDS = true)

4.2
mmfobs event child child parent
child solution found
parent model parent model
child model
ELS model file 1
child model

4.2.1 Master model

master model child model

child model

2 master model

master model

problem data from file

model "Els master"
uses "mmjobs"

parameters
DATAFILE = "els5.dat"
T=45
P=4

end-parameters

declarations
RM=0.5 ! Range of models
TIMES =1..T ! Time periods
PRODUCTS =1..P ! Set of products

24



solprod: array(PRODUCTS, TIMES) of real ! Sol. values for var.s produce
solsetup: array(TIMES) of real ! Sol. values for var.s setup
DEMAND: array(PRODUCTS, TIMES) of integer ! Demand per period

modELS: array(RM) of Model ! Models

modid: array(set of integer) of integer ! Model indices

NEWSOL =2 ! Identifier for "sol. found" event
Msg: Event ! Messages sent by models

end-declarations

! Compile, load, and run models M1 and M2
Ml:=1; M2:=2
res:= compile("elsp.mos")
load(modELS(M1), "elsp.bim")
load(modELS(M2), "elsp.bim")
forall(m in RM) modid(getid(modELS(m))):= m
run(modELS(M1), "ALG="+M1+",DATAFILE="+DATAFILE+", T="+T+",P="+P)
run(modELS(M2), "ALG="+M2+",DATAFILE="+DATAFILE+", T="+T+",P="+P)

objval:=MAX REAL
algsol:= -1; algopt:=-1

repeat
wait ! Wait for the next event
Msg:= getnextevent ! Get the event
if getclass(Msg)=NEWSOL then ! Get the event class
if getvalue(Msg) < objval then ! Value of the event (= obj. value)
algsol:= modid(getfromid(Msg)) ! ID of model sending the event
objval:= getvalue(Msg)
writeln("Improved solution ", objval, " found by model ", algsol)
forall(m in RM | m <> algsol) send(modELS(m), NEWSOL, objval)
else
writeln("Solution ", getvalue(Msg), " found by model ",
modid(getfromid(Msg)))
end-if
end-if
until getclass(Msg)=EVENT _END ! A model has finished
algopt:= modid(getfromid(Msg)) ! Retrieve ID of terminated model
forall(m in RM) stop(modELS(m)) ! Stop all running models

! Retrieve the best solution from shared memory
initializations from "raw:noindex"
solprod as "shmem:solprod"+algsol
solsetup as "shmem:solsetup"+algsol
end-initializations

initializations from DATAFILE
DEMAND
end-initializations

! Solution printing
writeln("Best solution found by model ", algsol)
writeln("Optimality proven by model ", algopt)
writeln("Objective value: ", objval)
write("Period setup ")
forall(p in PRODUCTS) write(strfmt(p,-7))
forall(t in TIMES) do
write("¥n ", strfmt(t,2), strfmt(solsetup(t),8), " ")
forall(p in PRODUCTS) write(strfmt(solprod(p,t),3), " (", DEMAND(p,t),")")
end-do
writeln

25



end-model

array modid
model index Mosel ID
child model master model event function getfromid

ID model index

4.2.2 ELS model
ELS child model
initialization
child model

ELS model

model Els
uses "mmxprs","mmjobs"

parameters
ALG=0 ! Default algorithm: no user cuts
DATAFILE = "els4.dat"
T=60
P=4
end-parameters

forward procedure tree_cut_gen

forward public function cb_node: boolean

forward public function cb_updatebnd(node:integer): integer
forward public procedure cb_intsol

declarations
NEWSOL =2 ! "New solution" event class
EPS = 1e-6 | Zero tolerance
TIMES=1..T ! Time periods
PRODUCTS =1..P ! Set of products
DEMAND: array(PRODUCTS, TIMES) of integer ! Demand per period
SETUPCOST: array(TIMES) of integer ! Setup cost per period
PRODCOST: array(PRODUCTS,TIMES) of real ! Production cost per period
CAP: array(TIMES) of integer ! Production capacity per period

D: array(PRODUCTS, TIMES,TIMES) of integer ! Total demand in periods t1 - t2

produce: array(PRODUCTS, TIMES) of mpvar ! Production in period t

setup: array(TIMES) of mpvar ! Setup in period t

solprod: array(PRODUCTS, TIMES) of real ! Sol. values for var.s produce
solsetup: array(TIMES) of real ! Sol. values for var.s setup
Msg: Event ! An event

26
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end-declarations

initializations from DATAFILE
DEMAND SETUPCOST PRODCOST CAP
end-initializations

forall(p in PRODUCTS,s,t in TIMES) D(p,s,t):= sum(k in s..t) DEMAND(p,k)

! Objective: minimize total cost
MinCost:= sum(t in TIMES) (SETUPCOST(t) * setup(t) +
sum(p in PRODUCTS) PRODCOST(p,t) * produce(p,t) )

! Production in period t must not exceed the total demand for the
! remaining periods; if there is production during t then there
lisasetupint
forall(t in TIMES)
sum(p in PRODUCTS) produce(p,t) <= sum(p in PRODUCTS) D(p.t,T) * setup(t)

! Production in periods 0 to t must satisfy the total demand
! during this period of time
forall(p in PRODUCTS;,t in TIMES)
sum(s in 1..t) produce(p,s) >= sum (s in 1..t) DEMAND(p,s)

! Capacity limits
forall(t in TIMES) sum(p in PRODUCTS) produce(p,t) <= CAP(t)

forall(t in TIMES) setup(t) is_binary | Variables setup are 0/1

setparam("zerotol", EPS/100) ! Set Mosel comparison tolerance
SEVERALROUNDS:=false; TOPONLY :=false

case ALG of
1: do
setparam("XPRS CUTSTRATEGY", 0) ! No cuts
setparam("XPRS _HEURSTRATEGY", 0) ! No heuristics
end-do
2:do
setparam("XPRS_CUTSTRATEGY",0) ! No cuts
setparam("XPRS_HEURSTRATEGY", 0) ! No heuristics

setparam("XPRS_PRESOLVE", 0) ! No presolve
end-do
3:tree_cut_gen ! User branch&ecut (single round)
4: do ! User branch&ecut (several rounds)

tree_cut_gen
SEVERALROUNDS:=true

end-do

5:do ! User cut&branch (several rounds)
tree_cut_gen
SEVERALROUNDS:=true
TOPONLY :=true

end-do

end-case

! Parallel setup
setcallback(XPRS_CB_PRENODE, "cb_updatebnd") ! Node pre-treatment callback
setcallback(XPRS CB_INTSOL, "cb_intsol") ! Integer solution callback
setparam("XPRS_SOLUTIONFILE",0) ! Do not save solutions to file

! Solve the problem
minimize(MinCost)

end-model

27



tree_cut_gen cut
branch-and-bound search cut (TOPONLY)
cut (SEVERALROUNDS) cut

cb_node

procedure tree_cut_gen

setparam("XPRS_HEURSTRATEGY", 0) ! Switch heuristics off
setparam("XPRS_CUTSTRATEGY", 0) ! Switch automatic cuts off
setparam("XPRS_PRESOLVE", 0) ! Switch presolve off
setparam("XPRS_EXTRAROWS", 5000) ! Reserve extra rows in matrix

setcallback(XPRS CB_CUTMGR, "cb_node") ! Define the cut manager callback
end-procedure

child model 2
@ master model
(b)master model bound updates

Xpress-Optimizer

integer solution callback An obvious place for bound
updates in nodes is the cut-manager callback function. bound updates
cut-manager callback function function
cal Iback
function node pre-treatment callback
! Update cutoff value

public function cb_updatebnd(node:integer): integer
if not isqueueempty then
repeat
Msg:= getnextevent
until isqueueempty
newcutoff:= getvalue(Msg)
setparam("XPRS_MIPABSCUTOFE", newcutoff)
if (newcutoff < getparam("XPRS_LPOBJVAL")) then
returned:= 1 ! Node becomes infeasible
end-if
end-if
end-function

! Store and communicate new solution
public procedure cb_intsol
objval:= getparam("XPRS LPOBJVAL") ! Retrieve current objective value
cutoff:= getparam("XPRS MIPABSCUTOFF")
if(cutoff > objval) then
setparam("XPRS_MIPABSCUTOFFE", objval)
end-if

! Get the solution values
forall(t in TIMES) do
forall(p in PRODUCTS) solprod(p,t):=getsol(produce(p,t))
solsetup(t):=getsol(setup(t))
end-do
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! Store the solution in shared memory
initializations to "raw:noindex"
solprod as "shmem:solprod"+ALG
solsetup as "shmem:solsetup"+ALG
end-initializations

! Send "solution found" signal
send(NEWSOL, objval)
end-procedure

»
-
*
Figure 1:
bound upaate callback function event queue event
event event queue event
cutoff value event queue
model
queue integer solution callback
identifier of the model (= value of ALG)
2 child model
4.3 Results
2
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Improved solution 1283 found by model 2
Improved solution 1250 found by model 2
Improved solution 1242 found by model 1
Improved solution 1236 found by model 2
Improved solution 1234 found by model 2
Best solution found by model 2
Optimality proven by model 1

Objective value: 1234
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5 Dantzig-Wolfe decomposition: sequential  parallel

Dantzig-Wolfe decomposition ( [ ] )
Figurel
primal block angular structure Xpress-1VE

common index (sub)set

subproblem global
constraints (also: common, linking, or master constraints)
master problenm
master problem pricing subproblems master
problem master problem (pricing
problems un-bounded directions )
restricted master problem
restricted master problem active set of variables
pricing subproblems restricted master problem dual value
pricing problem extreme point extreme
point master problem reduced cost (or price)
pricing problem maximum reduced cost
extreme point master problem
master problem extreme point minimum
objective value master problem master problem
Dantzig-Wolfe decomposition pricing problem

pricing problem
subproblem
subproblem
decomposition master problem
master problem
master
problem
master problem
numerical problems

decomposition
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pricing problem degeneracy

pricing problem

5.1 : multi-item, multi-period production planning
Coco
1 400
4
1
1
300
2
5.1.1
PRODS FACT RAW
make, s p f
sell, p
OUY ¢ r f t
t=1, . . ., N +1 pstock,,  rstock,.
MXSELL ¢ t o
MXRSTOCK
IPSTOCK, o f
r f
(REV,) (CMAKE, )
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global constraints

master problem

500

MXMAKE, f

TIES={1, . . ., NT}
t
t
t f
IRSTOCK, ;

CPSTOCK  CRSTOCK

(CBUY,p)



maximize Z Z Z:REth-Sellpft

pePRODS f eFACT teTIME

- > > D.CMAKEmakey, — > > > CBUY buy,

pePRODS f eFACT teTIME reRAW feFACT teTIME

NT +1 NT +1

- > D>, Y CPSTOCK:pstock,, — > > > CRSTOCKrstock

pePRODS feFACT t=2 reRAW feFACT t=2

3
(PBal,z) (RBal.r)
(MxRStocks,)
p r+1 PSTLOCK, 1. p t t t
r t+1 rstock, ¢ ;. r t t

vp € PRODS,Vf € FACT,Vt e TIME : PBal , := pstock , ; ., = pstock , + make ,, —sell

Vr e RAW,Vf € FACT,Vt e Time:
RBal ;, = rstock, ; ., = rstock , +buy — Z REQ,,-make

pePRODS

vf € FACT,Vt e {2,..,NT +1 }: MXRStock,, := Y rstock,, < MXRSTOCK

reRAW

2

( MxMaker)
MxSell )

maximize Z Z Z:REth-SeIIpft

pePRODS f eFACT teTIME
- > > D .CMAKE,makey, — > > > CBUYbuy,
pePRODS f eFACT teTIME reRAW feFACTteTIME

NT +1 NT +1

- > D>, ) CPSTOCKpstock,, — > > > CRSTOCKrstock

pePRODS feFACT t=2 reRAW feFACT t=2
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Vp € PRODS, Vf € FACT, vt e TIME : PBal , := pstock, (., = pstock ,, +make , —sell
Vr e RAW,Vf € FACT,Vt e Time:

RBal ;, = rstock, ; .,, = rstock , +buy — Z REQ,,-make

pePRODS

Vp e PRODS, vt e TIME : MxSell , := > sell , < MXSELL,

pft =
feFACT

vf € FACT,Vt e TIME : MxMake,, = > make,, < MXMAKE,
pePRODS

vf € FACT,Vt e {2,..,NT +1 }: MxRStock,, := Y rstock,, < MXRSTOCK

reRAW

Vp € PRODS, Vf € FACT : pstock , = IPSTOCK
Vr e RAW,Vf e FACT :rstock,;, = IRSTOCK
Vp e PRODS, Vf e FACT,Vt e TIME : make ;, > 0,sell , >0
Vr e RAW, Vf e FACT,Vt e TIME :buy,, >0
Vp € PRODS, Vf € FACT,Vt e {L,..,NT +1 }: pstock , >0

Vr € RAW,Vf € FACT,Vt e {I,..,NT +1 }:rstock,, >0

51.2

global constraints master problem

bounds MxSell

maximize Z Z:REth-Sellpt

pePRODSteTIME
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~ > > CMAKE, make, - > > CBUY, buy,

pePRODSteTIME reRAW teTIME
NT +1 NT +1
— ). ) CPSTOCK-pstock, — > > CRSTOCK rstock,,
pePRODS t=2 reRAW t=2

Vp € PRODS, vt e TIME : PBal , := pstock = pstock , + make , —sell ,

p,.t+l1

Vr € RAW,Vt e Time : RBal , = rstock, ,,, = rstock,, +buy,, — Z REQ,,‘make ,

rt+l

pePRODS
Vt e TIME : MxMake, :== > make,, < MXMAKE
pePRODS
Vte{2,..,NT +1 }: MxRStock, := rstock, < MXRSTOCK

reRAW

vp € PRODS,Vt e TIME : MxSell , :=sell , < MXSELL,

pt —

Vp € PRODS,: pstock ,, = IPSTOCK

Vvr € RAW :rstock,, = IRSTOCK,

Vp € PRODS, Vt € TIME : make , > 0,sell , >0
Vvr e RAW,Vt e TIME : buy,, >0

Vp e PRODS, Vt € {L,...,NT +1 }: pstock , >0

Vr e RAW,Vt e {l,...,NT +1 }:rstock,, >0

=

master problem global constraints MxSell

maximize Z Z Z:REth-SeIIpft

pePRODS f eFACT teTIME

- > > D.CMAKEmakey, — > > > CBUY. buy,

pePRODS f eFACT teTIME reRAW feFACT teTIME
NT +1 NT+1
- > D>, ) CPSTOCK:pstock,, — > > > CRSTOCKrstock
pePRODS f eFACT t=2 reRAW feFACT t=2

Vp e PRODS, vt e TIME : MxSell , := > sell , < MXSELL,

pit =
feFACT
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master problem

proposal)
nPROP;

Vp € PRODS, Vf € FACT,Vt e TIME :sell ;, = ) Prop_sell , weight,,

k=1

Prop_sell, f k proposal sell,
Prop_costy, proposal objective value
f convexity convexy weighty,
nPRop¢
maximize » ) Prop_cost, weight,
feFACT k=1
nPROP;
Vp e PRODS,Vt e TIME : MxSell , .= > > Prop_sell 4, weight, <MXSELL,
feFACT k=l
nPROP;

vf e FACT :Convex, = » weight, =1

k=1

Vf € FACT,Vk €1,...,nPROP, : weight, >0

modified master problem

modified master problem

5.2
e Phase 1: modified master problem proposal

e Phase 2: modified master problem

e Phase 3:
1 2 modified master problem dual value
master problem random dual
information 0 crash
proposal
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5.2.1 Master model
Below follows the body of the master model file. The definitions of the function bodies will be shown

later in Section 5.2.3.

model "Coco3 Master"

"o "o

uses "mmxprs","mmjobs","mmsystem"

parameters
DATAFILE = "coco2.dat"
ALG =0 0: stop phase with 1st failed subpb.
! 1: stop when all subprob.s fail
end-parameters

forward procedure process_sub_result

forward procedure solve master(phase:integer)
forward procedure process_master result
forward function calc_solution:real

forward procedure print_solution

declarations

PHASE 0=2 ! Event codes sent to submodels

PHASE 1=3

PHASE 2=4

PHASE 3=5

EVENT _SOLVED=6

EVENT FAILED=7

EVENT READY=8

NPROD, NFACT, NRAW, NT: integer
end-declarations

! Event codes sent by submodels

initializations from DATAFILE
NPROD NFACT NRAW NT
end-initializations

declarations
PRODS = 1..NPROD ! Range of products (p)
FACT = 1.NFACT ! factories (f)
RAW = 1.NRAW ! raw materials (1)
TIME = 1.NT ! time periods (t)

nlter: integer
nPROP: array(FACT) of integer

! Iteration counter
! Counters of proposals from subprob.s

end-declarations

[¥#%% Master problem ****

declarations

MXSELL: array(PRODS,TIME) of real
excessS: mpvar

weight: array(FACT,range) of mpvar
MxSell: array(PRODS, TIME) of linctr
Convex: array(FACT) of linctr
Price_convex: array(FACT) of real
Price_sell: array(PRODS,TIME) of real

! Max. amount of p that can be sold

! Violation of sales/buying limits

! weights for proposals

! Sales limit constraints

! Convexity constraints

! Dual price on convexity constraints
! Dual price on sales limits

end-declarations
initializations from DATAFILE

MXSELL
end-initializations
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P**%% Submodels *#**

declarations
submod: array(FACT) of Model ! One subproblem per factory
Stopped: set of integer
modid: array(set of integer) of integer ! Model indices

end-declarations

res:= compile("g","cocoSubF.mos") ! Compile the submodel file

forall(fin FACT) do ! Load & run one submodel per product
Price_convex(f):= 1
load(submod(f), "cocoSubF.bim")
modid(getid(submod(f))):=
run(submod(f), "Factory="+ f + ", DATAFILE=" + DATAFILE)
wait ! Wait for child model to be ready
dropnextevent

end-do

I*¥**% Phase 0: Crash ****

nlter:=1; finished:=false

writeIn("¥nPHASE 0 -- Iteration ", nlter); fflush

forall(f in FACT) ! Start solving all submodels (Phase 1)
send(submod(f), PHASE 0, 0)

forall(f in FACT) do
wait ! Wait for child (termination) events
ev:= getnextevent
if getclass(ev)=EVENT_SOLVED then

process_sub_result ! Add new proposal to master problem
elif getclass(ev)=EVENT_FAILED then

finished:= true

end-if
end-do

if finished then
writeln("Problem is infeasible")
exit(1)

end-if

solve master(1) ! Solve the updated Ph. 1 master problem
process_master _result ! Store initial pricing data for submodels

1**** Phase 1: proposal generation (feasibility) ****

repeat
noimprove:= 0
nlter+=1
writeln("¥nPHASE 1 -- Iteration ", nlter); fflush

forall(f in FACT) ! Start solving all submodels (Phase 1)
send(submod(f), PHASE 1, Price_convex(f))

forall(f in FACT) do

wait ! Wait for child (termination) events

ev:= getnextevent
if getclass(ev)=EVENT_ SOLVED then
process_sub_result ! Add new proposal to master problem
elif getclass(ev)=EVENT_FAILED then
noimprove += 1
end-if
end-do

if noimprove = NFACT then
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writeln("Problem is infeasible")
exit(2)
end-if
if ALG=0 and noimprove > 0 then
writeln("No improvement by some subproblem(s)")
break
end-if

solve master(1) ! Solve the updated Ph. 1 master problem
if getobjval>0.00001 then
process_master_result ! Store new pricing data for submodels
end-if
until getobjval <= 0.00001

*¥#%* Phase 2: proposal generation (optimization) ****
writeln("¥n**** PHASE 2 ****")
finished:=false

repeat
solve master(2) ! Solve Phase 2 master problem
process_master_result ! Store new pricing data for submodels
nlter+=1

writeln("¥nPHASE 2 -- Iteration ", nlter); fflush

forall(f in FACT) ! Start solving all submodels (Phase 2)
send(submod(f), PHASE 2, Price convex(f))

forall(f in FACT) do
wait ! Wait for child (termination) events

ev:= getnextevent
if getclass(ev)=EVENT_SOLVED then
process_sub_result ! Add new proposal to master problem
elif getclass(ev)=EVENT FAILED then
if ALG=0 then
finished:=true ! 1st submodel w/o prop. stops phase 2
else
Stopped += {modid(getfromid(ev))} ! Stop phase 2 only when no submodel
! generates a new proposal
end-if
end-if
end-do

if getsize(Stopped) = NFACT then finished:= true; end-if
until finished

solve master(2) ! Re-solve master to integrate
! proposal(s) from last ph. 2 iteration

I***% Phase 3: solution to the original problem ****

writeln("¥n**** PHASE 3 #***")

forall(f in FACT) do
send(submod(f), PHASE 3, 0) ! Stop all submodels
wait
dropnextevent

end-do

writeln("Total Profit=", calc_solution)
print_solution
end-model

declarations block master model child (sub)model
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declaration

522

Subproblem cocoSubF.mos

model "Coco Subproblem (factory based decomp.)"

non

uses "mmxprs", "mmjobs"

parameters
Factory =0
TOL = 0.00001
DATAFILE = "coco3.dat"
end-parameters

forward procedure process_solution

declarations

PHASE 0=2

PHASE 1=3

PHASE 2=4

PHASE 3=5

EVENT_SOLVED=6

EVENT FAILED=7

EVENT READY=8

NPROD, NFACT, NRAW, NT: integer
end-declarations

send(EVENT_READY,0)

initializations from DATAFILE
NPROD NFACT NRAW NT
end-initializations

declarations
PRODS = 1..NPROD
FACT = 1.NFACT
RAW = 1.NRAW
TIME = 1..NT

REV: array(PRODS, TIME) of real
CMAKE: array(PRODS,FACT) of real

CBUY: array(RAW,TIME) of real
REQ: array(PRODS,RAW) of real

MXSELL: array(PRODS,TIME) of real
MXMAKE: array(FACT) of real

IPSTOCK: array(PRODS,FACT) of real
IRSTOCK: array(RAW,FACT) of real
CPSTOCK: real

CRSTOCK: real

MXRSTOCK: real

make: array(PRODS,TIME) of mpvar
sell: array(PRODS,TIME) of mpvar

buy: array(RAW,TIME) of mpvar
pstock: array(PRODS,1..NT+1) of mpvar
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event code child model

! Event codes sent to submodels

! Event codes sent by submodels

! Model is ready (= running)

! Range of products (p)

! factories (f)

! raw materials (1)
! time periods (t)

! Unit selling price of products

! Unit cost to make product p

! at factory

! Unit cost to buy raw materials

! Requirement by unit of product p

! for raw material r

! Max. amount of p that can be sold

! Max. amount factory f can make

! over all products

! Initial product stock levels

! Initial raw material stock levels

! Unit cost to store any product p

! Unit cost to store any raw mat. r

! Raw material storage capacity

! Amount of products made at factory
! Amount of product sold from factory
! Amount of raw material bought

! Product stock levels at start

! of period t



rstock: array(RAW,1..NT+1) of mpvar ! Raw material stock levels
! at start of period t

sol_make: array(PRODS,TIME) of real ! Amount of products made
sol_sell: array(PRODS, TIME) of real ! Amount of product sold
sol_buy: array(RAW,TIME) of real ! Amount of raw mat. bought
sol_pstock: array(PRODS,1..NT+1) of real ! Product stock levels
sol_rstock: array(RAW,1.NT+1) of real ! Raw mat. stock levels
Profit: linctr ! Profit of proposal
Price_sell: array(PRODS,TIME) of real ! Dual price on sales limits

end-declarations

initializations from DATAFILE
CMAKE REV CBUY REQ MXSELL MXMAKE
IPSTOCK IRSTOCK MXRSTOCK CPSTOCK CRSTOCK
end-initializations

! Product stock balance
forall(p in PRODS,t in TIME)
PBal(p,t):= pstock(p,t+1) = pstock(p,t) + make(p,t) - sell(p,t)

! Raw material stock balance
forall(r in RAW,t in TIME)
RBal(r,t):= rstock(r,t+1) =
rstock(r,t) + buy(r,t) - sum(p in PRODS) REQ(p,r)*make(p,t)

! Capacity limit
forall(t in TIME)
MxMake(t):= sum(p in PRODS) make(p,t) <= MXMAKE(Factory)

! Limit on the amount of prod. p to be sold
forall(p in PRODS,t in TIME) sell(p,t) <= MXSELL(p,t)

! Raw material stock limit
forall(t in 2..NT+1)
MxRStock(t):= sum(r in RAW) rstock(r,t) <= MXRSTOCK

! Initial product and raw material stock levels
forall(p in PRODS) pstock(p,1) = IPSTOCK(p,Factory)
forall(r in RAW) rstock(r,1) = IRSTOCK(r,Factory)

! Total profit

Profit:=
sum(p in PRODS,t in TIME) REV(p,t) * sell(p,t) - ! revenue
sum(p in PRODS,t in TIME) CMAKE(p,Factory) * make(p,t) - ! prod. cost
sum(r in RAW,t in TIME) CBUY(r,t) * buy(r,t) - ! raw mat.
sum(p in PRODS;t in 2.NT+1) CPSTOCK * pstock(p,t) - ! p storage
sum(r in RAW,t in 2.NT+1) CRSTOCK * rstock(r,t) ! r storage

! (Re)solve this model until it is stopped by event "PHASE 3"

repeat
wait

ev:= getnextevent
Phase:= getclass(ev)

if Phase=PHASE 3 then ! Stop the execution of this model
break

end-if

Price_convex:= getvalue(ev) ! Get new pricing data

if Phase<>PHASE 0 then
initializations from "raw:noindex"
Price_sell as "shmem:Price_sell"
end-initializations
end-if
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! (Re)solve this model
if Phase=PHASE 0 then
maximize(Profit)
elif Phase=PHASE 1 then
maximize(sum(p in PRODS;t in TIME) Price_sell(p,t)*sell(p,t) + Price_convex)
else ! PHASE 2
maximize(
Profit - sum(p in PRODS,t in TIME) Price_sell(p,t)*sell(p,t) -
Price_convex)
end-if

writeln("Factory ", Factory, " - Obj: ", getobjval,
" Profit: ", getsol(Profit), " Price_sell: ",
getsol(sum(p in PRODS;t in TIME) Price_sell(p,t)*sell(p,t) ),
" Price_convex: ", Price_convex)

Fflush

if getobjval > TOL then ! Solution found: send values to master
process_solution
elif getobjval <= TOL then ! Problem is infeasible (Phase 0/1) or

send(EVENT _FAILED,0) ! no improved solution found (Phase 2)
else
send(EVENT_READY,0)
end-if
until false

|

! Process solution data
procedure process_solution
forall(p in PRODS;t in TIME) do
sol_make(p,t):= getsol(make(p,t))
sol_sell(p,t):= getsol(sell(p,t))
end-do
forall(r in RAW,t in TIME) sol_buy(r,t):= getsol(buy(r,t))
forall(p in PRODS,t in 1.NT+1) sol_pstock(p,t):= getsol(pstock(p,t))
forall(r in RAW,t in 1.NT+1) sol_rstock(r,t):= getsol(rstock(r,t))
Prop_cost:= getsol(Profit)
send(EVENT_SOLVED,0)

initializations to "mempipe:noindex,sol"
Factory
sol_make sol_sell sol buy sol pstock sol rstock
Prop_cost
end-initializations
end-procedure
end-model

child model PHASE 3 code

child model master model

5.2.3 Master problem  subroutines

master model master model
(process_sub_result) master (solve_master),
master model child model(process_master_result)
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declarations
Prop_make: array(PRODS,FACT,TIME,range) of real ! Amount of products made
Prop_sell: array(PRODS,FACT,TIME, range) of real | Amount of product sold
Prop_buy: array(RAW,FACT,TIME,range) of real ! Amount of raw mat. bought
Prop_pstock: array(PRODS,FACT,1..NT+1,range) of real ! Product stock levels
Prop_rstock: array(RAW,FACT,1..NT+1,range) of real ! Raw mat. stock levels
Prop_cost: array(FACT,range) of real ! Cost/profit of each proposal

end-declarations

procedure process_sub_result

declarations

f: integer ! Factory index
! Solution values of the proposal:

sol_make: array(PRODS,TIME) of real ! Amount of products made
sol_sell: array(PRODS,TIME) of real ! Amount of product sold
sol_buy: array(RAW,TIME) of real ! Amount of raw mat. bought
sol_pstock: array(PRODS,1..NT+1) of real ! Product stock levels
sol_rstock: array(RAW,1..NT+1) of real ! Raw mat. stock levels
pc: real ! Cost of the proposal

end-declarations

! Read proposal data from memory
initializations from "mempipe:noindex,sol"
f
sol_make sol_sell sol buy sol pstock sol rstock
pc
end-initializations

! Add the new proposal to the master problem
nPROP(f)+=1
create(weight(f,;nPROP(f)))
forall(p in PRODS;t in TIME) do
Prop_make(p,f,t,nPROP(f)):= sol_make(p,t)
Prop_sell(p,f,t,nPROP(f)):= sol_sell(p,t)
end-do
forall(r in RAW,t in TIME) Prop_buy(r,f,t,nPROP(f)):= sol_buy(r,t)
forall(p in PRODS,t in 1..NT+1) Prop_pstock(p,f,t,nPROP(f)):= sol_pstock(p,t)
forall(r in RAW,t in 1.NT+1) Prop_rstock(r,f,t,nPROP(f)):= sol_rstock(r,t)
Prop_cost(f,;nPROP(f)):= pc
writeln("Sol. for factory ", f, ":¥n make: ", sol _make, "¥n sell: ",
sol_sell, "¥n buy: ", sol buy, "¥n pstock: ", sol pstock,
"¥n rstock: ", sol_rstock)
end-procedure

!

procedure solve master(phase: integer)
forall(f in FACT)
Convex(f):= sum (k in 1..nPROP(f)) weight(f)k) = 1
if phase=1 then
forall(p in PRODS;t in TIME)
MxSell(p,t):=
sum(fin FACT.k in 1.nPROP()) Prop_sell(p,f,t.k)*weight(f.k) -
excessS <= MXSELL(p,t)
minimize(excessS)
else
forall(p in PRODS,t in TIME)
MxSell(p,t):=
sum(f in FACT.,k in 1..nPROP(f)) Prop_sell(p,f,t.k)*weight(f k) <=
MXSELL(p,t)
maximize(sum(f in FACT, k in 1..nPROP(f)) Prop_cost(f,k) * weight(f.k))
end-if
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writeln("Master problem objective: ", getobjval)
write(" Weights:")
forall(f in FACT,k in 1..nPROP(f)) write(" ", getsol(weight(fk)))
writeln
end-procedure

!
procedure process master result
forall(p in PRODS,t in TIME) Price_sell(p,t):=getdual(MxSell(p,t))
forall(f in FACT) Price_convex(f):=getdual(Convex(f))

initializations to "raw:noindex"
Price_sell as "shmem:Price_sell"

end-initializations

end-procedure

master model (calc_solution)
decomposition algorithm 3
(print_solution) modified master problem
subproblem proposal
declarations

REV: array(PRODS, TIME) of real ! Unit selling price of products
CMAKE: array(PRODS,FACT) of real ! Unit cost to make product p

! at factory
CBUY: array(RAW,TIME) of real ! Unit cost to buy raw materials
COPEN: array(FACT) of real ! Fixed cost of factory f being

! open for one period
CPSTOCK: real ! Unit cost to store any product p
CRSTOCK: real ! Unit cost to store any raw mat. R

Sol_make: array(PRODS,FACT,TIME) of real ! Solution value (products made)

Sol_sell: array(PRODS,FACT,TIME) of real ! Solution value (product sold)

Sol_buy: array(RAW,FACT,TIME) of real ! Solution value (raw mat. bought)

Sol_pstock: array(PRODS,FACT,1..NT+1) of real ! Sol. value (prod. stock)

Sol _rstock: array(RAW,FACT,1..NT+1) of real ! Sol. value (raw mat. stock)
end-declarations

initializations from DATAFILE
CMAKE REV CBUY CPSTOCK CRSTOCK COPEN
end-initializations

function calc_solution: real
forall(p in PRODS,f in FACT,t in TIME) do
Sol_sell(p,f,t):=
sum(k in 1..nPROP(f)) Prop_sell(p,f,t,k) * getsol(weight(f,k))
Sol_make(p,f,t):=
sum(k in 1..nPROP(f)) Prop_make(p.f,t.k) * getsol(weight(f,k))
end-do
forall(r in RAW,f in FACT,t in TIME) Sol_buy(r,f;t):=
sum(k in 1..nPROP(f)) Prop_buy(r,f,t.k) * getsol(weight(f.k))
forall(p in PRODS,f in FACT,t in 1..NT+1) Sol_pstock(p,f,t):=
sum(k in 1..nPROP(f)) Prop_pstock(p,f,t,k) * getsol(weight(f,k))
forall(r in RAW,fin FACT,t in 1..NT+1) Sol rstock(r,f,t):=
sum(k in 1..nPROP(f)) Prop_rstock(r,f,t.k) * getsol(weight(f,k))

returned:=
sum(p in PRODS,fin FACT.,t in TIME) REV(p,t) * Sol_sell(p,f;t) -
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sum(p in PRODS,f in FACT,t in TIME) CMAKE(p,f) * Sol_make(p.ft) -

sum(r in RAW,fin FACT,t in TIME) CBUY(r,t) * Sol_buy(r,f,t) -

sum(p in PRODS,fin FACT,t in 2.NT+1) CPSTOCK * Sol_pstock(p,f.t) -

sum(r in RAW,fin FACT,t in 2.NT+1) CRSTOCK * Sol_rstock(r.f,t)
end-function

!
procedure print_solution
writeln("Finished products:")
forall(f in FACT) do
writeln("Factory ", f, ":")
forall(p in PRODS) do
write(" ", p,": ")
forall(t in TIME) write(strfmt(Sol_make(p,ft),6,1), "(",
strfmt(Sol_pstock(p,f,t+1),5,1), ")")
writeln
end-do
end-do

writeln("Raw material:")
forall(f in FACT) do
writeln("Factory ", f, ":")
forall(r in RAW) do
write(" ", 1, ": ")
forall(t in TIME) write(strfmt(Sol_buy(r,f,t),6,1), "(",
strfmt(Sol_rstock(r,f,t+1),5,1), ")")
writeln
end-do
end-do

writeln("Sales:")
forall(f in FACT) do
writeln("Factory ", f, ":")
forall(p in PRODS) do
Write(” n’ D, ". n)
forall(t in TIME) write(strfmt(Sol_sell(p,f,t),4))
writeln
end-do
end-do

writeln("¥nComputation time: ", gettime)
end-procedure

5.3

decomposition algorithm

decomposition algorithm

submodel stopping criterion

decomposition algorithm

submodel

proposal
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6 Benders decomposition: working with several different submodels
Benders decomposition MIP decomposition method
MIP
pure integer subproblems
decomposition algorithm

finiteness
MIP (problen I)

minimize z = Cx + Dy
Ax+By=> b

x,y= 0,y integer

NCTVAR NINTVAR

Cx +Dy Y Cixi+ > Dy, NCTVAR
i=1 i=1

NINTVAR y y”
(problem )

minimize Cx

Ax> b—-By-~
x= 0
problemn 11 problen I11d
maximize u(b — By ~)
uA < C
uz=0
11d u y
11d
problen 1
11d u*
u* (b — By~) = Cx¥) p w
< Cx* MIP

p w
z > w(b-By)+Dy
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MIP (problen I z* Benders decomposition algorithn

partitioning algorithm

Step 0 Find a u- that satisfiesu-A< C
if no such u~ exists
then the original problem (I) has no feasible solution
else continue with Step 1

end-if

Step 1 Solve the pure integer program
minimize z
z2 u-(b—By)+Dy
y2 0,y integer

If z is unbounded from below, take a z to be any small value z~.

Step 2 With the solution y~ of Step 1, solve the linear program
maximize u (b — By )
uA< C
u=0

If u goes to inifinity with u(b — By~)
then add the constraintPi Zi U; <M, where M is a large positive constant, and resolve

the problem

end-if

Let the solution of this program be u- -.

ifz- —Dy- < u--(b—By-)

then continue with Step 3

else return to Step 1 and add the constraint z= = Dy +u- - (b— By)
end-if

Step 3 With the solution y - of Step 1, solve the linear program
minimize Cx
Ax =2 b-By-
x =20

x> andy- are the optimum solution z* = Cx- + Dy~

a7



6.1

6.2

provably finite

z
Benders decomposition
X, NCTVAR = 3 Y, NINTVAR = 3
NC =4

maximize 5 - X, +4 - %+3 - X%+2 -y, +2-y,+3 -y,

Xi— Xt 5:X%+3-y +2-y, <5

4-%+3%— Yy + VY <7

2 X -2-%+ Yy - .+ vy, < 4
3-X +5y, +5-y,+5y, £ =2

X,y= 0,y integer

6.2.1 Master model

master model

(fixed integer variables

) 2 Optimizer

Model parameter ALG

master model

(re)solving

model "Benders (master model)"

non

uses "mmxprs", "mmjobs"

parameters
NCTVAR =3
NINTVAR =3
NC=4
BIGM = 1000
ALG=1 ! 1: Use Benders decomposition (dual)
! 2: Use Benders decomposition (primal)
DATAFILE = "bprob33.dat"
end-parameters

forward procedure start_solution

forward procedure solve primal int(ct: integer)
forward procedure solve cont
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forward function eval solution: boolean

forward procedure print_solution

declarations
STEP_0=2
STEP_1=3
STEP 2=4
EVENT SOLVED=6
EVENT INFEAS=7
EVENT READY=8

CtVars = 1.NCTVAR
IntVars = 1. NINTVAR
Ctrs = 1..NC

A: array(Ctrs,CtVars) of integer
B: array(Ctrs,IntVars) of integer
b: array(Ctrs) of integer

C: array(CtVars) of integer

D: array(IntVars) of integer

Ctr: array(Ctrs) of linctr

CtrD: array(CtVars) of linctr
MC: array(range) of linctr

sol_u: array(Ctrs) of real

sol_x: array(CtVars) of real

sol_y: array(IntVars) of real

sol_obj: real

RM: range

stepmod: array(RM) of Model
end-declarations

initializations from DATAFILE
ABbCD
end-initializations

| *#%%% Submodels ****

initializations to "raw:noindex"
A as "shmem:A" B as "shmem:B"

b as "shmem:b" C as "shmem:C" D as "shmem:D"

end-initializations

! Compile + load all submodels

if compile("benders_int.mos")<>0 then exit(1); end-if

! Event codes sent to submodels

! Event codes sent by submodels

! Continuous variables
! Discrete variables
! Set of constraints (orig. problem)

! Coeft.s of continuous variables

! Coeffs of discrete variables

! RHS values

! Obj. coeff.s of continuous variables
! Obj. coeff.s of discrete variables

! Constraints of orig. problem

! Constraints of dual problem

! Constraints generated by alg.

! Solution of dual problem

! Solution of primal prob. (cont.)

! Solution of primal prob. (integers)
! Objective function value (primal)
! Model indices

! Submodels

! Save data for submodels

create(stepmod(1)); load(stepmod(1), "benders_int.bim")
if compile("benders_dual.mos")<>0 then exit(2); end-if

if ALG=1 then

create(stepmod(2)); load(stepmod(2), "benders_dual.bim")
else

create(stepmod(0)); load(stepmod(0), "benders_dual.bim")

if compile("benders_cont.mos")<>0 then exit(3); end-if

create(stepmod(2)); load(stepmod(2), "benders_cont.bim™)

run(stepmod(0), "NCTVAR="+ NCTVAR + ",NINTVAR=" + NINTVAR + ",NC=" + NC)
end-if

! Start the execution of the submodels
run(stepmod(1), "NINTVAR="+ NINTVAR + "NC="+ NC)
run(stepmod(2), "NCTVAR="+ NCTVAR + ",NINTVAR=" + NINTVAR + ",NC=" + NC)

forall(m in RM) do
wait ! Wait for "Ready" messages
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ev:= getnextevent
if getclass(ev) <> EVENT READY then
writeln("Error occurred in a subproblem"™)
exit(4)
end-if
end-do

| *¥*%% Solution algorithm ****

start_solution ! 0. Initial solution for cont. var.s

cti=1

repeat

writeln("¥n**** teration: ", ct)
solve primal int(ct) ! 1. Solve problem with fixed cont.
solve cont ! 2. Solve problem with fixed int.
ct+=1

until eval_solution ! Test for optimality

print_solution ! 3. Retrieve and display the solution

"start solving ” event

start solution

! Produce an initial solution for the dual problem using a dummy objective
procedure start_solution
if ALG=1 then ! Start the problem solving
send(stepmod(2), STEP_0, 0)
else
send(stepmod(0), STEP_0, 0)
end-if
wait ! Wait for the solution
evi=getnextevent
if getclass(ev)=EVENT _INFEAS then
writeln("Problem is infeasible")
exit(6)
end-if
end-procedure

!
! Solve a modified version of the primal problem, replacing continuous
! variables by the solution of the dual

procedure solve primal int(ct: integer)

send(stepmod(1), STEP_1, ct) ! Start the problem solving

wait ! Wait for the solution

ev:=getnextevent

sol_obj:= getvalue(ev) ! Store objective function value
initializations from "raw:noindex" ! Retrieve the solution

sol_y as "shmem:y"
end-initializations
end-procedure

!
! Solve the Step 2 problem (dual or primal depending on value of ALG)
! for given solution values of y
procedure solve cont
send(stepmod(2), STEP 2, 0) ! Start the problem solving

50

ALG



wait ! Wait for the solution
dropnextevent

initializations from "raw:noindex" ! Retrieve the solution
sol_u as "shmem:u"
end-initializations
end-procedure

master model termination criterion (function eval_- solution)

(procedure print_solution)

function eval solution: boolean
write("Test optimality: ", sol_obj - sum(i in IntVars) D(i)*sol_y(i),
"="_"sum(j in Ctrs) sol_u(j)* (b(j) -
sum(i in IntVars) B(j,i)*sol_y(i)) )
returned:= ('sol_obj - sum(i in IntVars) D(i)*sol_y(i) =
sum(j in Ctrs) sol_u(j)* (b(j) - sum(i in IntVars) B(j,i)*sol_y(i)) )
writeln(if(returned, " : true", " : false"))
end-function

|
procedure print_solution
! Retrieve results
initializations from "raw:noindex"
sol_x as "shmem:x"
end-initializations

forall(m in RM) stop(stepmod(m)) ! Stop all submodels

write("¥n**** Solution (Benders): ", sol obj, "¥n
forall(i in CtVars) write(sol_x(i), " ")
write(" y: ")
forall(i in IntVars) write(sol y(i), " ")
writeln
end-procedure

o]

ll)

6.2.2 Submodel 1: fixed continuous variables
decomposition algorithm pure integer problem
invariant data
wait statement (first line of the repeat-until loop) master model

(solving) event

integer problem MC(k)
endless loop master model “stop
model = command (file benders_- int.mos)

model "Benders (integer problem)"

non

uses "mmxprs", "mmjobs"

parameters
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NINTVAR =3

NC=4
BIGM = 1000

end-parameters

declarations
STEP_0=2 ! Event codes sent to submodels
STEP_1=3
EVENT_SOLVED=6 ! Event codes sent by submodels
EVENT READY=8
IntVars = 1.NINTVAR ! Discrete variables
Ctrs=1..NC ! Set of constraints (orig. problem)
B: array(Ctrs,IntVars) of integer ! Coeff.s of discrete variables
b: array(Ctrs) of integer ! RHS values
D: array(IntVars) of integer ! Obj. coeff.s of discrete variables
MC: array(range) of linctr ! Constraints generated by alg.
sol_u: array(Ctrs) of real ! Solution of dual problem
sol_y: array(IntVars) of real ! Solution of primal prob.
y: array(IntVars) of mpvar ! Discrete variables
Z: mpvar ! Objective function variable

end-declarations

initializations from "raw:noindex"
B as "shmem:B" b as "shmem:b" D as "shmem:D"
end-initializations

z is_free ! Objective is a free variable
forall(i in IntVars) y(i) is_integer ! Integrality condition
forall(i in IntVars) y(i) <= BIGM ! Set (large) upper bound
send(EVENT_READY,0) ! Model is ready (= running)
repeat

wait

ev:= getnextevent
ct:= integer(getvalue(ev))

initializations from "raw:noindex"
sol_u as "shmem:u"
end-initializations
! Add a new constraint
MC(ct):=z >= sum(i in IntVars) D(i)*y(i) +
sum(j in Ctrs) sol_u(j)*(b(j) - sum(i in IntVars) B(j,i)*y(i))

minimize(z)

! Store solution values of y
forall(i in IntVars) sol y(i):= getsol(y(i))

initializations to "raw:noindex"
sol_y as "shmem:y"
end-initializations

send(EVENT SOLVED, getobjval)

write("Step 1: ", getobjval, "¥ny: ")
forall(i in IntVars) write(sol_y(i), " ")

write("¥n Slack: ")
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forall(j in 1..ct) write(getslack(MC(j)), " ")
writeln
fflush
until false
end-model

root LP- (MIP solution )

call to minimize

declarations
bas: basis
end-declarations

loadprob(z)
loadbasis(bas)
minimize(XPRS_TOP, z)
savebasis(bas)
minimize(XPRS_GLB, z)

6.2.3 Submodel 2: fixed integer variables

decomposition algorithm

invariant data
line wait master model step 2 solving event

constraints

CTR (file

benders_cont.mos)

model "Benders (continuous problem)"

non

uses "mmxprs", "mmjobs"

parameters
NCTVAR =3
NINTVAR =3
NC=4
BIGM = 1000
end-parameters

declarations
STEP_0=2 ! Event codes sent to submodels
STEP_2=4
STEP 3=5
EVENT_SOLVED=6 ! Event codes sent by submodels
EVENT READY=8

CtVars = 1.NCTVAR ! Continuous variables
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IntVars = 1.NINTVAR ! Discrete variables

Ctrs=1..NC ! Set of constraints (orig. problem)
A: array(Ctrs,CtVars) of integer ! Coeff.s of continuous variables

B: array(Ctrs,IntVars) of integer ! Coeft.s of discrete variables

b: array(Ctrs) of integer ! RHS values

C: array(CtVars) of integer ! Obj. coeff.s of continuous variables
Ctr: array(Ctrs) of linctr ! Constraints of orig. problem

sol_u: array(Ctrs) of real ! Solution of dual problem

sol_x: array(CtVars) of real ! Solution of primal prob. (cont.)
sol_y: array(IntVars) of real ! Solution of primal prob. (integers)
x: array(CtVars) of mpvar ! Continuous variables

end-declarations

initializations from "raw:noindex"
A as "shmem:A" B as "shmem:B"
b as "shmem:b" C as "shmem:C"

end-initializations

Obj:= sum(i in CtVars) C(i)*x(i)

send(EVENT READY,0) ! Model is ready (= running)
! (Re)solve this model until it is stopped by event "STEP 3"
repeat
wait
dropnextevent

initializations from "raw:noindex"
sol_y as "shmem:y"
end-initializations

forall(j in Ctrs)
Ctr(j):= sum(i in CtVars) A(j,i)*x(i) +
sum(i in IntVars) B(j,i)*sol_y(i) >= b(j)

minimize(Obj) ! Solve the problem

! Store values of u and x
forall j in Ctrs) sol u(j):= getdual(Ctr(j))
forall(i in CtVars) sol_x(i):= getsol(x(i))

initializations to "raw:noindex"
sol u as "shmem:u" sol_x as "shmem:x"
end-initializations

send(EVENT_SOLVED, getobjval)
write("Step 2: ", getobjval, "¥n u: ")
forall(j in Ctrs) write(sol_u(j), " ")
write("¥n x: ")

forall(i in CtVars) write(getsol(x(i)), " ")
writeln

fflush

until false

end-model
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6.2.4 Submodel O: start solution

decomposition algorithm

solving loop master

model type (class) of event

Mosel code (File benders_- dual.mos)

model "Benders (dual problem)"

non

uses "mmxprs", "mmjobs"

parameters
NCTVAR =3
NINTVAR =3
NC=4
BIGM = 1000
end-parameters

forward procedure save solution

declarations
STEP_0=2 ! Event codes sent to submodels
STEP 2=4
EVENT _SOLVED=6 ! Event codes sent by submodels

EVENT_INFEAS=7
EVENT_READY=8

CtVars = 1.NCTVAR ! Continuous variables

IntVars = 1.NINTVAR ! Discrete variables

Ctrs=1..NC ! Set of constraints (orig. problem)
A: array(Ctrs,CtVars) of integer ! Coeft.s of continuous variables

B: array(Ctrs,IntVars) of integer ! Coeff.s of discrete variables

b: array(Ctrs) of integer ! RHS values

C: array(CtVars) of integer ! Obj. coeff.s of continuous variables
sol_u: array(Ctrs) of real ! Solution of dual problem

sol_x: array(CtVars) of real ! Solution of primal prob. (cont.)
sol_y: array(IntVars) of real ! Solution of primal prob. (integers)
u: array(Ctrs) of mpvar ! Dual variables

end-declarations
initializations from "raw:noindex"
A as "shmem:A" B as "shmem:B"
b as "shmem:b" C as "shmem:C"
end-initializations
forall(i in CtVars) CtrD(i):= sum(j in Ctrs) u(j)*A(j,i) <= C(i)
send(EVENT_READY,0) ! Model is ready (= running)
! (Re)solve this model until it is stopped by event "STEP_3"

repeat
wait
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ev:= getnextevent
Alg:= getclass(ev)

if Alg=STEP_0 then

maximize(sum(j in Ctrs) u(j))

if(getprobstat = XPRS INF) then
writeln("Problem is infeasible")
send(EVENT INFEAS,0)

else
write("**** Start solution: ")
save_solution

end-if

else
initializations from "raw:noindex"

sol y as "shmem:y"
end-initializations

! Produce an initial solution for the
! dual problem using a dummy objective

! Problem is infeasible

! STEP 2: Solve the dual problem for
! given solution values of y

Obj:= sum(j in Ctrs) u(j)* (b(j) - sum(i in IntVars) B(j,i)*sol_y(i))

maximize(XPRS PRI, Obj)

if(getprobstat=XPRS_UNB) then
BigM:= sum(j in Ctrs) u(j) <= BIGM
maximize(XPRS PRI, Obj)

end-if

write("Step 2: ")

save_solution

BigM:=0
end-if

until false

subroutine save_solution
EVENT - SOLVED message

! Process solution data
procedure save solution
! Store values of u and x
forall(j in Ctrs) sol_u(j):= getsol(u(j))
forall(i in CtVars) sol_x(i):= getdual(CtrD(i))

initializations to "raw:noindex"
sol_u as "shmem:u" sol _x as "shmem:x"
end-initializations

send(EVENT_SOLVED, getobjval)

write(getobjval, "¥n u: ")
forall(j in Ctrs) write(sol_u(j), " ")
write("¥n x: ")
forall(i in CtVars) write(getdual(CtrD(i)), " ")
writeln
fflush
end-procedure
end-model
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! Reset the *BigM’ constraint

subroutine save_solution

master model



6.3 Results
18.1852
decomposition algorithm 3

(looping around steps 1 and 2)

**%% Start solution: 4.05556
u: 0.740741 1.18519 2.12963 0
x:0.611111 0.166667 0.111111

*&%* Jteration: 1
Step 1: -1146.15
y: 100000
Slack: 0
Step 2: 1007
w0100
x:0251.750
Test optimality: -3146.15 = 1007 : false

**A* Jteration: 2
Step 1: 17.0185
y:300
Slack: 0-1.01852
Step 2: 12.5
uw01250
x:0.52.50
Test optimality: 11.0185 =12.5 : false

**A* Jteration: 3
Step 1: 18.1852
y:200
Slack: 0-5.18519 -0.185185
Step 2: 14.1852
u: 0.740741 1.18519 2.12963 0
x: 1.03704 2.22222 0.037037
Test optimality: 14.1852 = 14.1852 : true

*#** Solution (Benders): 18.1852
x: 1.03704  2.22222 0.037037 y:200
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mmjobs

Mosel solver mmjobs.
solver solver  multi-threaded
Xpress-Optimizer QP SLP SP

Xpress-Kalis
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